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Stanley depth of quotient of monomial complete intersection
ideals
Mircea Cimpoeas¸
Abstract
We compute the Stanley depth for a particular, but important case, of the quotient
of complete intersection monomial ideals. Also, in the general case, we give sharp
bounds for the Stanley depth of a quotient of complete intersection monomial ideals.
In particular, we prove the Stanley conjecture for quotients of complete intersection
monomial ideals.
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Introduction
Let K be a field and S = K[x1, . . . , xn] the polynomial ring over K. Let M be a Zn-graded
S-module. A Stanley decomposition of M is a direct sum D : M =
⊕r
i=1miK[Zi] as a
Zn-graded K-vector space, where mi ∈ M is homogeneous with respect to Zn-grading,
Zi ⊂ {x1, . . . , xn} such that miK[Zi] = {umi : u ∈ K[Zi]} ⊂M is a free K[Zi]-submodule
of M . We define sdepth(D) = mini=1,...,r |Zi| and sdepthS(M) = max{sdepth(D)| D is a
Stanley decomposition of M}. The number sdepthS(M) is called the Stanley depth of M .
Stanley [9] conjectured that sdepthS(M) ≥ depthS(M) for any Z
n-graded S-module M .
Herzog, Vladoiu and Zheng show in [4] that sdepthS(M) can be computed in a finite
number of steps if M = I/J , where J ⊂ I ⊂ S are monomial ideals. However, it is difficult
to compute this invariant, even in some very particular cases.
In section 1, we consider the case of quotients of irreducible monomial ideals, and we
compute their Stanley depth, see Theorem 1.5. In section 2, we consider the general case
of two complete intersection monomial ideals I ⊂ J ⊂ S. In Theorem 2.4 we give sharp
bounds for sdepthS(J/I). Remark 2.10 shows that these bounds are best possible. However,
in a particular case, we give an explicit formula for sdepthS(J/I), see Theorem 2.9.
1 The case of irreducible ideals
First, we give the following technical Lemma.
Lemma 1.1. Let b be a positive integer, denote S ′ = K[x2, . . . , xn] and let I ( J ⊂ S ′
be two monomial ideals. Then (xb1, J)/(x
b
1, I)
∼=
⊕b−1
i=0 x
i
1(J/I), as Z
n-graded S ′-modules.
Moreover, sdepthS((x
b
1, J)/(x
b
1, I)) = sdepthS′(J/I).
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Proof. Let u ∈ (xb1, J) \ (x
b
1, I) be a monomial. Then u = x
i
1 · u
′, for some nonnegative
integer i and some monomial u′ ∈ S ′. Since u /∈ (xb1, I), it follows that i < b and, also,
u′ /∈ I. On the other hand, since u ∈ (xb1, J) and u /∈ x
b
1S, it follows that u
′ ∈ J . Therefore,
u ∈ xi1(J \ I). Conversely, if we take a monomial u
′ ∈ J \ I and an integer 0 ≤ i < b, one
can easily see that u := xi1 · u
′ ∈ (xb1, J) \ (x
b
1, I).
The decomposition (xb1, J)/(x
b
1, I)
∼=
⊕b−1
i=0 x
i
1(J/I) implies sdepthS((x
b
1, J)/(x
b
1, I)) ≥
sdepthS′(J/I) and, also, J/I = ((x
b
1, J)/(x
b
1, I))∩ (S
′/I), via the natural injection S ′/I →֒
S/(xb1, J). In order to prove the other inequality, we consider a Stanley decomposition
of (xb1, J)/(x
b
1, I) =
⊕r
i=1 viK[Zi]. Note that viK[Zi] ∩ S
′ = {0} if x1|u and, other-
wise, viK[Zi] ∩ S
′ = viK[Zi]. Therefore, J/I =
⊕
x1∤vi
viK[Zi] and thus sdepthS′(J/I) ≥
sdepthS((x
b
1, J)/(x
b
1, I)) as required.
An easy corollary of Lemma 1.1 is the following.
Corollary 1.2. Let 0 ≤ m < n be an integer. Then,
sdepthS((x1, . . . , xn)/(x1, . . . , xm)) = n−m−
⌊
n−m
2
⌋
.
Proof. We use induction onm. Ifm = 0, then, by [1, Theorem 1.1], sdepthS((x1, . . . , xn)) =
⌈n/2⌉ = n−
⌊
n
2
⌋
, as required. The case m = n is trivial.
Now, assume 1 ≤ m < n. Let S ′ = K[x2, . . . , xn] and denote J = (x2, . . . , xn) ⊂ S
′
and I = (x2, . . . , xm) ⊂ S
′. According to Lemma 1.1, (x1, J)/(x1, I) ∼= J/I and thus, by
induction hypothesis, sdepthS((x1, . . . , xn)/(x1, . . . , xm)) = sdepthS′(J/I) = (n−1)−(m−
1)−
⌊
(n−1)−(m−1)
2
⌋
= n−m−
⌊
n−m
2
⌋
, which complete the proof.
If we denote S ′′ = K[xm+1, . . . , xn], note that the above Corollary follows also from the
isomorphism of multigraded S ′′-modules, (x1, . . . , xn)/(x1, . . . , xm) ∼= (xm+1, . . . , xn).
Lemma 1.3. Let 1 ≤ a < b be two integers, denote S ′ = K[x2, . . . , xn] and let J ⊂ S
′
be a monomial ideals. Then (xa1, J)/(x
b
1, J)
∼=
⊕b−1
i=a x
i
1(S
′/J), as Zn-graded S ′-modules.
Moreover, sdepthS((x
a
1, J)/(x
b
1, J)) = sdepthS′(S
′/J).
Proof. The proof is similar to the proof of Lemma 1.1. In order to prove the Zn-graded
isomorphism (xa1, J)/(x
b
1, J)
∼=
⊕b−1
i=a x
i
1(S
′/J), it is enough to see that a monomial u ∈
(xa1, J) \ (x
b
1, J) if and only if u = x
i
1 · u
′, for some integer a ≤ i < b and some monomial
u′ ∈ S \ J . The isomorphism implies sdepthS((x
a
1, J)/(x
b
1, J)) ≥ sdepthS′(S
′/J) and in
order to prove the other inequality, as in Lemma 1.1, it is enough to note that xa1(S
′/J) =
((xa1, J)/(x
b
1, J)) ∩ x
a
1(S
′/J).
Lemma 1.4. Let 1 ≤ a < b be two integers and denote S ′ := K[x2, . . . , xn]. Let I ⊂ J ⊂ S
′
be two monomial ideals. Then:
sdepthS((x
a
1, J)/(x
b
1, I)) ≥ min{sdepthS′(J/I), sdepthS′(S
′/I)}.
Proof. Note that (xa1, J)/(x
b
1, I)
∼= (xa1, J)/(x
a
1, I)⊕(x
a
1, I)/(x
b
1, I) as Z
n-graded S ′-modules.
Using Lemma 1.1 and Lemma 1.3 we get the required result.
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Theorem 1.5. Let 0 ≤ m ≤ n be two integers. Let ai ≥ 1, for 1 ≤ i ≤ n and bi ≥ ai, for
1 ≤ i ≤ m, be some integers. Then sdepth((xa11 , . . . , x
an
n )/(x
b1
1 , . . . , x
bm
m )) = n−m−
⌊
n−m
2
⌋
and thus, sdepthS((x
a1
1 , . . . , x
an
n )/(x
b1
1 , . . . , x
bm
m )) ≥ depthS((x
a1
1 , . . . , x
an
n )/(x
b1
1 , . . . , x
bm
m )).
Proof. We use induction on m. If m = 0, by [2, Theorem 1.3], sdepthS((x
a1
1 , . . . , x
an
n )) =⌈
n
2
⌉
= n−
⌊
n
2
⌋
, as required. If m = n, then (xa11 , . . . , x
an
n )/(x
b1
1 , . . . , x
bm
n ) is a finite K-vector
space and thus its Stanley depth is 0.
Now, assume 1 ≤ m < n. We denote S ′ = K[x2, . . . , xn], J = (x
a2
2 , . . . , x
an
n ) ⊂
S ′ and I = (xb22 , . . . , x
bm
m ) ⊂ S
′. By induction hypothesis, we have sdepthS′(J/I) =
n − 1 − (m − 1) −
⌊
n−m
2
⌋
= n − m −
⌊
n−m
2
⌋
. On the other hand, by [7, Theorem 1.1]
or [4, Lemma 3.6], sdepthS′(S
′/I) = n − m. Thus, according to Lemma 1.4, we have
sdepthS((x
a1
1 , . . . , x
an
n )/(x
b1
1 , . . . , x
bm
m )) ≥ sdepthS′(J/I) = n−m−
⌊
n−m
2
⌋
.
If a1 = b1, by Lemma 1.1, we are done. Assume a1 < b1. We denote a = a1, b =
b1 and we consider the decomposition (x
a
1, J)/(x
b
1, I)
∼=
⊕a−1
i=0 x
i
1(J/I) ⊕
⊕b−1
i=a x
i
1(S
′/I)
given by Lemma 1.4. As in the proof of Lemma 1.1, we consider a Stanley decomposition
(xa1, J)/(x
b
1, I) =
⊕r
j=1 vjK[Zj ]. It follows that J/I = ((x
a
1, J)/(x
b
1, I)) ∩ (S
′/I) and thus,
J/I =
⊕
x1∤vi
viK[Zi].
In order to complete the proof, notice that depth((xa11 , . . . , x
an
n )/(x
b1
1 , . . . , x
bm
m )) = 1 if
n > m and 0, if m = n.
2 The case of complete intersection ideals
Lemma 2.1. Let 1 ≤ m < n be an integer, I1 ( J1 ⊂ S ′ := K[x1, . . . , xm] be two distinct
monomial ideals and let I ⊂ S ′′ = K[xm+1, . . . , xn] be a monomial ideal. Then
sdepthS
(J1, I)
(I1, I)
≥ sdepthS′′
(
S ′′
I
)
+ sdepthS′
(
J1
I1
)
.
Proof. Let u ∈ (J1, I) \ (I1, I) be a monomial. We write u = u
′ · u′′, where u′ ∈ S ′ and
u′′ ∈ S ′′. Since u ∈ (J1, I), it follows that u ∈ J1S or u ∈ IS. On the other hand, since
u /∈ (I1, I), it follows that u /∈ I1S and u /∈ IS. Therefore, we get u ∈ J1S and so u
′ ∈ J1.
Also, since u /∈ IS, it follows that u′′ /∈ I. Similarly, we have u′ /∈ I1. Thus, u is a product
between a monomial from J1\I1 and a monomial from S
′′\I. Also, if we take two arbitrary
monomials u′ ∈ J1 \ I1 and u
′′ ∈ S ′′ \ I1, one can easily check that u
′ · u′′ ∈ (J1, I) \ (I1, I).
In consequence, given two Stanley decompositions J1/I1 =
⊕r
i=1 uiK[Zi] and S
′′/I =⊕s
j=1 vjK[Yj], it follows that (J1, I)/(I1, I) =
⊕r
i=1
⊕s
j=1 uivjK[Zi ∪ Yj] is a Stanley de-
composition and, thus, sdepthS((J1, I)/(I1, I)) ≥ sdepthS′(J1/I1) + sdepthS′′(S
′′/I).
Lemma 2.2. Let 1 ≤ m < n be an integer, I1 ( J1 ⊂ S ′ := K[x1, . . . , xm] be two monomial
ideals and I2 ⊂ J2 ( S ′′ := K[xm+1, . . . , xn] be other monomial ideals. Then:
sdepthS
(J1, J2)
(I1, I2)
≥ min{sdepthS′
(
S ′
J1
)
+sdepthS′′
(
J2
I2
)
, sdepthS′′
(
S ′′
I2
)
+sdepthS′
(
J1
I1
)
}.
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Proof. We apply [5, Lemma 2.1] to the short exact sequence
0 −→ (J1, I2)/(I1, I2) −→ (J1, J2)/(I1, I2) −→ (J1, J2)/(J1, I2) −→ 0,
and thus we are done by Lemma 2.1.
If u ∈ S is a monomial, denote supp(u) = {xi : xi|u} the support of the monomial u.
Lemma 2.3. Let u1, . . . , um ∈ S and v1, . . . , vm ∈ S be two regular sequence of monomials,
such that ui|vi and vj 6= uj for some index j. Then sdepthS((u1, . . . , um)/(v1, . . . , vm)) =
n−m. Moreover, (u1, . . . , um)/(v1, . . . , vm) has a Stanley decomposition with all its Stanley
spaces of dimension n−m.
Proof. We use induction on m ≥ 1. If m = 1, then (u1)/(v1) ∼= S/(v1/u1) and therefore
sdepthS((u1)/(v1)) = n− 1, by [7, Theorem 1.1]. Assume m > 1. We apply Lemma 2.2 for
J1 = (u1, . . . , um−1), J2 = (um), I1 = (v1, . . . , vm−1) and I2 = (vm).
We get sdepthS((u1, . . . , um)/(v1, . . . , vm)) ≥ min{sdepthS(S/J1)− 1, sdepthS(S/I2) −
1} = n − m + 1 − 1 = n − m. In order to prove the opposite inequality, let uK[Z] be
a s Stanley space of (u1, . . . , um)/(v1, . . . , vm). Since viS ∩ uK[Z] = (0), it follows that
there exists an index ji such that xji /∈ Z. Now, since the v1, . . . vm is a regular sequence,
their supports are disjoint and therefore {xj1, . . . , xjm} is a set of m variables which do not
belong to Z and thus |Z| ≤ n−m.
Note that the ” ≤ ” follows also from the inequalities sdepthS((u1, . . . , um)/(v1, . . . , vm)) ≤
dim((u1, . . . , um)/(v1, . . . , vm)) ≤ dim(S/(v1, . . . , vm)) = n−m.
Theorem 2.4. Let I ( J ⊂ S be two monomial complete intersection ideals. Assume J is
generated by q monomials and I is generated by p monomials. Then:
n− p ≥ sdepth(J/I) ≥ n− p−
⌊
q − p
2
⌋
.
Proof. Assume J = (u1, . . . , uq) and I = (v1, . . . , vp). Since v1, . . . , vp is a regular sequence
on S, their supports are disjoint. If we take a Stanley space vK[Z] ⊂ J/I it follows, as in
the proof of Lemma 2.3 that |Z| ≤ n− p, and thus n− p ≥ sdepthS(J/I).
Now, we prove the second inequality. If p = 0, then, by [8, Theorem 1.1], we have
sdepthS(J/I) = sdepthS(J) = n −
⌊
q
2
⌋
and we are done. Also, in the case p = q, we are
done by Lemma 2.3. Assume 1 ≤ p < q. Since I ⊂ J we can assume that u1|v1. Note that
u1 ∤ vj for all j > 1. Indeed, if p ≥ 2 and u1|v2, then supp(v1) ∩ supp(v2) ⊇ supp(u1), a
contradiction with the fact that v1, v2 is a regular sequence. Thus, using induction, we may
assume vi|ui for all 1 ≤ i ≤ p. We denote J1 = (u1, . . . , up) and J2 = (up+1, . . . , uq).
We use decomposition (J1, J2)/I = (J1, J2)/J1 ⊕ J1/I. Using [3, Corollary 2.4(5)] and
[7, Theorem 1.1], we get sdepthS((J1, J2)/J1) ≥ sdepthS(S/J1) −
⌊
q−p
2
⌋
= n − p −
⌊
q−p
2
⌋
.
On the other hand if I ( J1, by Lemma 2.3, sdepthS(J1/I) = n − p. Thus, we get
sdepthS((J1, J2)/I) ≥ n− p−
⌊
q−p
2
⌋
, as required.
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Corollary 2.5. With the notations of 2.4, if q = p + 1, then sdepthS(J/I) = n− p.
Corollary 2.6. If J ( I ⊂ S are two monomial complete intersection ideals, then
sdepthS(J/I) ≥ depthS(J/I).
Proof. It is enough to notice that depthS(J/I) = n−q+1 if q > p, or depthS(J/I) = n−q
if q = p and then apply Theorem 2.4.
Lemma 2.7. Let 1 ≤ m < n be an integer, I ( J ⊂ S ′ := K[x1, . . . , xm] be two distinct
monomial ideals and let u ∈ S ′′ = K[xm+1, . . . , xn] be a monomial. Then
sdepthS
(J, u)
(I, u)
= sdepthS
(
JS
IS
)
− 1.
Proof. Since sdepthS′′(S
′′/(u)) = n − m − 1, the ” ≥ ” inequality follows by Lemma
2.1. In order to prove the other inequality, let (J, u)/(I, u) =
⊕r
j=1 vjK[Zj ] be a Stanley
decomposition, with its Stanley depth equal with sdepthS((J, u)/(I, u)). Note that J/I =
((J, u)/(I, u)) ∩ (S ′/I). Indeed, as in the proof of Lemma 1.1, one can easily see that a
monomial v ∈ (J, u) \ (I, u) if and only if v = v′ · v′′ for some monomials v′ ∈ J \ I and
v′′ ∈ S ′′ \ (u).
It follows that J/I = (
⊕r
j=1 vjK[Zj]) ∩ (S
′/I) =
⊕r
j=1(vjK[Zj] ∩ (S
′/I)). If vj /∈ S
′,
obviously, then vjK[Zj] ∩ (S
′/I) = {0}. If vj ∈ S
′, then vjK[Zj ] ∩ (S
′/I) = vjK[Zj \
{xm+1, . . . , xn}]. Note that {xm+1, . . . , xn} * Zj, because uS ∩ vjK[Zj] = {0}. Thus,
|Zj \{xm+1, . . . , xn}| ≥ |Zj|−n+m+1. Thus, we obtained a Stanley decomposition for J/I
with its Stanley depth ≥ sdepth((J, u)/(I, u))−n+m+1. It follows that sdepthS(JS/IS) =
sdepthS′(J/I) + n−m ≥ sdepth((J, u)/(I, u)) + 1, as required.
Lemma 2.8. Let 1 ≤ m < n be an integer, J ⊂ S ′ := K[x1, . . . , xm] be a monomial ideal
and let u, v ∈ S ′′ = K[xm+1, . . . , xn] be two distinct monomials with u|v. Then
sdepthS
(J, u)
(J, v)
= sdepthS
(
S
JS
)
− 1.
Proof. As in the proof of the previous lemma, by 2.1, we get the ” ≥ ” inequality. In
order to prove the other inequality, note that (J, u) \ (J, v)∩ u(S ′/J) = u(S ′/J). Indeed, a
monomial w ∈ (J, u)/(J, v) if and only if w = w′ · w′′ for some monomials w′ ∈ S ′ \ J and
w′′ ∈ (u) \ (v). Using a similar argument as in the proof of Lemma 2.7, we are done.
Now, we are able to prove the following result, which generalizes Theorem 1.5.
Theorem 2.9. Let u1, . . . , uq ∈ S and v1, . . . , vp ∈ S be two regular sequences with ui|vi
for all 1 ≤ i ≤ p, where q ≥ p are positive integers. We consider the monomial ideals
J = (u1, . . . , uq) ⊂ S and I = (v1, . . . , vp). We assume also that up+1, . . . , uq is a regular
sequence on S/I. Then sdepth(J/I) = n− p−
⌊
q−p
2
⌋
.
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Proof. We use induction on p. If p = 0, by [8] and [4, Lemma 3.6], we have sdepthS(J/I) =
n−⌊q/2⌋ as required. If q = p, by Lemma 2.4, we get sdepth(J/I) = n−p and we are done.
Now, assume 1 ≤ p < q. We denote J1 = (u2, . . . , uq) and I1 = (v2, . . . , vp). By induction
hypothesis, we have sdepthS(J1/I1) = n − p + 1 −
⌊
(q−1)−(p−1)
2
⌋
= n − p −
⌊
q−p
2
⌋
+ 1. If
u1 = v1, by Lemma 2.7, it follows that sdepthS(J/I) = n − p−
⌊
q−p
2
⌋
, so we may assume
u1 6= v1. Either way, by Theorem 2.4, we have sdepth(J/I) ≥ n−p−
⌊
q−p
2
⌋
. Note that this
inequality can be deduced also from Lemma 2.7 and Lemma 2.8, using the decomposition
J/I = (J1, u1)/(I1, u1)⊕ (I1, u1)/(I1, v1).
In order to prove the other inequality, we consider a Stanley decomposition J/I =⊕r
j=1wjK[Zj ] with its Stanley depth equal to sdepth(J/I). Since, by hypothesis, u2, . . . , uq
is a regular sequence on S/(v1), by reordering of variables, we may assume that supp(v1) =
{xm+1, . . . , xn} and u2, . . . , uq ∈ S
′ := K[x1, . . . , xm], where 1 ≤ m < n is an integer. Thus
J1 and I1 are the extension in S for some monomial ideals in J¯1, I¯1 ⊂ S
′ generated by the
same monomials as J1 and I1. Note that J¯1/I¯1 = (J/I) ∩ (S
′/I¯1) , where we regard S
′/I¯1
as a submodule of S/I. Using the same argument as in the proof of Lemma 2.7, we get
sdepthS′(J¯1/I¯1) ≥ sdepthS(J/I)−n+m+1. On the other hand, by induction hypothesis,
we have sdepthS′(J¯1/I¯1) = m− p+ 1−
⌊
q−p
2
⌋
, and thus we are done.
Remark 2.10. Note that the hypothesis up+1, . . . , uq is a regular sequence on S/I from the
Theorem 2.9 is essential in order to have the equality. Take for instance J = (x1, x2, x3) ⊂
S and I = (x1x2x3). Then J/I = x1K[x1, x2] ⊕ x2K[x2, x3] ⊕ x3K[x1, x3] is a Stanley
decomposition for J/I and therefore sdepthS(J/I) = 2 > 3− 1−
⌊
3−1
2
⌋
= 1.
We end our paper with the following result, which generalize [3, Proposition 2.7] and
[6, Proposition 1.3].
Proposition 2.11. Let I ⊂ J ⊂ S be two monomial ideals and let u ∈ S be a monomial.
Then, either (I : u) = (J : u), either sdepthS((J : u)/(I : u)) ≥ sdepthS(J/I).
Proof. It is enough to consider the case u = x1 and to assume that (I : x1) ( (J : x1).
Firstly, note that x1(I : x1) = I ∩ (x1) and x1(J : x1) = J ∩ (x1). Therefore, we have
(J : x1)/(I : x1) ∼= (J ∩ (x1))/(I ∩ (x1)) ∼= (J/I) ∩ (x1), as multigraded K-vector spaces.
Let J/I =
⊕r
i=1 uiK[Zi] be a Stanley decomposition for J/I. It follows that (J/I) ∩
(x1) =
⊕r
i=1(uiK[Zi]∩ x1S). One can easily see that, if x1 /∈ supp(ui)∪Zi, then uiK[Zi]∩
x1S = {0}. Otherwise, we claim that uiK[Zi] ∩ x1S = LCM(ui, x1)K[Zi]. Indeed, if
x1|ui, then uiK[Zi] ⊂ x1S and the previous equality holds. If x1 ∤ ui, then x1 ∈ Zi and
LCM(ui, x1) = x1ui. Obviously, we get x1uiK[Zi] ⊂ uiK[Zi]∩x1S. For the other inclusion,
chose v ∈ uiK[Zi]∩ x1S a monomial. It follows that v ∈ uiK[Zi] and x1|v and thus x1ui|v,
since x1 ∤ ui. Therefore, v ∈ x1uiK[Zi] and we are done.
By our assumption that (I : x1) ( (J : x1), there exists some i such that uiK[Zi]∩x1S 6=
{0}. Thus, we obtain a Stanley decomposition for (J/I) ∩ (x1) with its Stanley depth ≥
than the Stanley depth of the given decomposition for J/I.
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